We study linear wave propagation in nonlinear hexagonal lattices capable of undergoing large deformations, under different levels of pre-load. The lattices are composed of a set of masses connected by linear axial and angular springs, with the nonlinearity arising solely from geometric effects. By applying different levels of pre-load, the small amplitude linear wave propagation response can be varied from isotropic to highly directional. Analytical expressions for the stiffness of a unit cell in the deformed configuration are derived and they are used to analyze the dispersion surfaces and group velocity variation with pre-load. Numerical simulations on finite lattices demonstrate the validity of our unit cell predictions and illustrate the wave steering potential of our lattice.
Introduction
Periodic media occur in diverse areas of science and engineering, ranging from atomic scale to biological systems to macroscopic phononic crystals to bridges and skyscrapers [1] . Periodic metamaterials designed to have specific properties have immense potential for control of effective material properties and functionality. In this regard, cellular or lattice materials offer unique advantages in terms of superior stiffness-to-weight ratio, flexibility in achieving effective material properties, etc. In particular, for wave propagation applications, these lattices can be designed to have special dynamical properties like bandgaps at certain frequencies, directional propagation, veering and caustics [2] . These properties, which are hard to obtain in conventional materials, have the potential for novel applications in wave steering, acoustic rectification, cloaking, vibration damping and energy harvesting. One of the key challenges is designing lattices whose properties can be altered actively or by external control.
The mechanical behavior of lattices have been extensively studied in the last few decades. Gibson and Ashby [3] provide a comprehensive analysis of the mechanical behavior of cellular foams and lattices, and characterize failure associated with local buckling. Buckling and instabilities frequently arise in lattices undergoing large deformations and it is important to predict the onset and post-buckling behavior. Triantafyllidis and coworkers [4] [5] [6] [7] , for example, applied the Bloch wave analysis method to study deforming lattices and identify the onset of bifurcation by examining the tangent stiffness matrix of a unit cell representative volume element (RVE). Although the potentials are convex, loss of ellipticity can arise due to large deformation geometric nonlinearity. In recent years, focus has shifted from avoiding buckling as a failure mechanism to an effective means to modify the functionality of a device [8] .
The effective dynamic behavior of lattice materials offer potential for control of wave propagation. Phani et al [9] studied wave propagation in D 2 lattices using Bloch-wave analysis and showed the presence of bandgaps and anisotropy. They investigated the effect of geometric parameters like slenderness ratio, showing it to have a significant effect on the dispersion characteristics. In a similar line of work, Ruzzene et al [10] studied the effect of geometry of periodic lattices on the dynamic characteristics by considering a linearized response and demonstrated directional wave propagation for certain frequency regimes. Gonella and Ruzzene [11] studied wave propagation in hexagonal and re-entrant lattices using Bloch theorem, illustrating the strongly anisotropic nature of wave propagation in these lattices.
A growing area of interest is investigating ways to achieve tunable wave propagation, where properties like bandgaps and direction of propagation can be altered by applying an external control. There have been a number of studies on varying the material properties or geometry of the lattice by piezoelectric inserts or magnets [12] . Schaeffer and Ruzzene [13, 14] demonstrated altering the wave propagation by switching configurations in magneto-elastic lattices. Ruzzene and Baz [15] demonstrated variation in dispersion properties by varying the temperature of a lattice made of shape memory material. More recently, Bertoldi and Boyce [16] demonstrated tunable bandgaps in periodic elastomers with holes by triggering instabilities under external loading. In later works [17, 18] , Bertoldi and coworkers consider the effect of geometric and material nonlinearities and show that these nonlinearities have a substantial effect on the wave propagation characteristics.
In the present work, we consider the effect of pre-load, by deriving the stiffness matrix using a consistent linearization procedure about the equilibrium point. We outline a framework for discrete lattices, to systematically construct the effective properties from the analysis of a single unit cell. To accomplish this, we focus on lattices undergoing large deformations which have been a subject of recent interest in developing tunable metamaterials [13] and find applications in diverse fields like smart morphing structures [19] , deployable shells and structures [20] , etc. Prior work includes the study of the mechanics of D 1 bistable lattices [21] . However there are limited guidelines for designing and studying higher dimensional deformable lattices. One example in this category is the D 2 hexagonal lattice which is topologically equivalent to the re-entrant configuration. Though the quasi-static behavior [22] and linearized small deformation dynamic behavior [11] of both these lattices have been investigated extensively, there is limited literature demonstrating the effect of pre-load on wave propagation as the lattice deforms and evolves from one configuration to the other. We emphasize here that a pre-loaded lattice in the deformed configuration and an unstressed lattice with the same geometry as the deformed lattice will, in general, have distinct stiffness matrices and thus very different dynamic properties. The analytical framework developed herein demonstrates this and allows further investigations on phase transitions in lattices.
The outline of the paper is as follows: in section 2, the lattice configuration is described and analysis of a unit cell is presented. The potential energy is evaluated and dispersion analysis using the Bloch wave procedure also is outlined. In section 3, the dispersion diagrams are presented and the effects of pre-load are discussed. Section 4 presents simulations of wave propagation over finite lattices to verify the predictions of dispersion analysis. Finally, the key findings of our work are summarized in section 5.
Theoretical background

Lattice configuration
The lattices are a collection of nodes and edges connected to form a hexagonal network. Figure 1(a) illustrates the geometry of a cell in the hexagonal configuration and figure 1(b) shows its topologically equivalent re-entrant configuration. Point masses are located at the nodes, while the edges are massless. The masses interact via two types of springs in the lattice: each edge acts as a linear axial spring, which resists change in its length, while an angular spring between any two adjacent edges sharing a node resists the change in angle between the two edges. The axial and angular springs' stiffness are respectively, denoted as k a and k t .
Consider a finite lattice comprised of N nodes and M edges. Each interior node connects 3 edges while each boundary node connects 2 edges, so that there are no hanging nodes. Let L be the undeformed length of the axial springs located at each edge and let m be the mass at each node. Let a b , ( ) denote the dot product between two vectors a b , and let a | | denote the l2 norm of a. Let θ be the angle between two edges sharing a node i, as depicted in figure 1(c) . The following kinematic relations relate the angles and change in length Dl and angles associated with the angular and axial springs to the nodal coordinates:
The analysis is performed by introducing non-dimensional variables. The reference length, mass and time units are taken as L, m and k m a , respectively. All the physical quantities are normalized using combinations of these reference parameters to obtain the corresponding non-dimensional variables. For instance, the non-dimensional distance is = L x x . The angular stiffness k t is normalized and a nondimensional lattice parameter η is defined as
This parameter η measures the relative strength of the axial and angular stiffness and will be shown to play a key role in the wave propagation behavior.
Governing equations of the lattice
We now derive the equations of motion for the masses in the lattice in non-dimensional form. The potential energy of the lattice is the sum of energies due to the axial and angular springs. It is given by å åå
where the first term is for the axial springs, with the summation index running over all the edges and edge k connects nodes k k , 1 2 ( ). The first summation in the second term is over the nodes while the second summation is over adjacent pairs of edges at that node.
The lattice is located in the xy-plane and its degrees of freedom are the nodal coordinates, i.e., location of the point mass at each node. Let X i and = x y x , i i i ( ) denote, respectively, the position vectors of node i when the lattice is in undeformed and deformed configuration. The equation of motion of a mass at node i, subjected to an external force f i is
In the present work, our objective is to study small amplitude wave propagation under various deformed configurations of the lattice. Toward this end, the deformed configuration is first obtained by solving equation (5) quasistatically under prescribed boundary conditions. In the present work, displacements corresponding to an uniaxial strain, are prescribed on the boundary nodes and the lattice equilibrium configuration is obtained using a Newton-Raphson procedure. Then the equations of motion are linearized about this deformed configuration and wave propagation is studied using the linearized system. Note that our linearized equations are valid for small displacements with respect to the deformed configuration. Consider a pre-loaded lattice in equilibrium, with its nodal coordinates denoted as x i eq . This lattice is subjected to an additional dynamic force f d . Its linearized equation for node i about the deformed configuration (about 
The detailed expressions for the derivatives of the energy P with respect to the nodal coordinates x i are presented in the appendix. The derivatives of energy, for example
) , are terms of the stiffness matrix in the deformed configuration. We observe here that the stiffness matrix depends on the deformed configuration and note that the pre-load thus plays a key role in the dispersion properties of the lattice. By using superposition principle and Blochanalysis on the linearized equations of a single unit cell, the dynamic behavior of an infinite lattice can be characterized.
Potential energy of unit cell
The behavior of our infinite periodic lattice can be obtained by studying the corresponding unit cell. In the current work, we restrict our external loading to uniform strain in the ydirection. The general loading case is considered in [22] . Here, we present an analytical solution for the displacement and potential energy under uniaxial loading.
Consider the unit cell of the hexagonal lattice illustrated in figure 1(d) . The unit cell is defined by the lattice vectors a 1 and a 2 , with a coordinate system of origin at the location of the interior node when the unit cell is in the undeformed configuration. Let q 2 b be the angle between the segments 1 and 2 in the undeformed configuration. Let β denote the uniaxial strain applied to the unit cell in the y-direction. By symmetry, the interior node only moves in the y-direction so that its equilibrium location is y 0, ( ). Also, let l y 1 ( ) and q y 1 ( ) denote, respectively, the length of segment 1 and angle between segments 1 and 2 in figure 1(d) , given by
Note that all distances are normalized by the edge length L. The non-dimensional potential energy E of the unit cell located in an infinite lattice is then
Note the additional factor 2 in the above equation in front of angular spring energy. We remark that each unit cell has two nodes and hence 6 angular springs. Observe that, in contrast, the unit cell sketched in figure 1(d) has 3 interior angular springs and angular springs associated with boundary nodes X X X , ,
{ }. In an infinite lattice under uniform strain, the energy due to 3 angular springs at each node is equal. Thus, the additional factor 2 correctly accounts for the angular springs at the unit cell boundary, which are shared with adjacent unit cells.
The equilibrium configuration is obtained by minimizing the energy of the unit cell with respect to the position y. Applying the minimization condition ¶ ¶ = E y 0 leads to
The above equation is a transcendental equation with no closed form solution and it is replaced by its first order Taylor approximation about the undeformed configuration y=0. This approximation leads to the following linear equation for y 
The above approximation yields an excellent agreement with the exact solution obtained by solving equation (11) numerically.
The equilibrium nodal coordinate y 0, ( ) of the interior node can be obtained for any strain level β from the above expression. The equilibrium nodal location can be used to determine the potential energy of the unit cell using equation (10) . Furthermore, it is used to evaluate the unit cell stiffness matrix of an infinite lattice subjected to uniaxial strain β. The terms of the stiffness matrix are obtained by taking derivatives of energy as shown in equation (7) . This stiffness matrix of a unit cell is used to conduct a Bloch-based linearized wave propagation analysis about the deformed configuration.
In the present work, we set q p = 5 12 b and thus the lattice has a hexagonal geometry in the undeformed configuration. Note that an angle q p = 3 b corresponds to a regular hexagon geometry. The current value is chosen so that the nodes on opposite corner of a hexagonal cell do not touch when the lattice is deformed to the re-entrant configuration. The typical response of an infinite periodic lattice under uniaxial strain β is investigated by analyzing the potential energy of a unit cell. Figure 2 displays the variation of the unit cell potential energy with strain β for two values of non-dimensional angular stiffness η. Under tensile strain, the response is convex and is almost identical for both the η values. Under compressive strain, there is loss of rank-one convexity of the energy with strain for the h =´-2 10 3 lattice. For high η, the energy variation with strain is convex at low strains as observed in figure 2 for h =´-1 10 2 . At high compressive strains, the behavior is not rank-one convex and the lattice is unstable to shear perturbations. Though the potential energy is convex with increasing strain β, the lattice becomes unstable due to loss of rank-one convexity at high strains in the re-entrant configuration.
The instability arising from loss of strong ellipticity of the stiffness matrix leads to long wavelength bifurcations as a finite lattice takes an alternate path given by the quasi-convex envelope of the potential energy functional. This alternate path is associated with the formation of mixtures of energy minimizing phases beyond the strain level when there is a loss of rank-one convexity of the energy [23] . The deformed lattice configurations for both the low (first bifurcation mode) and high strain (second bifurcation mode) cases are illustrated later in section 3.3. This loss of convexity has interesting implications for linear wave propagation, as demonstrated in both dispersion analysis in section 3 and numerical simulations in section 4.
Bloch analysis of unit cell
Linear wave propagation in an infinite lattice is studied by using Bloch analysis on a unit cell and it yields the dispersion characteristics of the lattice. Consider the unit cell displayed in figure 3 
Substituting the above relation into the linearized equations of motion for the displacements in a unit cell u 0, 0 ( ), an eigenvalue problem is obtained. The solution of this eigenvalue problem provides the dispersion relation, relating the frequency ω and the wave-vector μ.
The propagation vector is expressed in the basis of reciprocal lattice vectors b b ,
In component form, the lattice and reciprocal lattice vectors for a lattice subjected to strain β are
The normalization by p 2 ensures that the dispersion solution is periodic in the reciprocal lattice domain with period p p 2 , 2 ( ). The first Brillouin zone (FBZ) is obtained using a geometrical construction with the reciprocal lattice vectors [24] . The dispersion solution is completely characterized in the FBZ. Depending on the deformed lattice configuration, additional symmetries may increase the periodicity of the dispersion solution in the FBZ.
In general, a lattice has rotational symmetry due to its geometry and time reversal symmetry. Time reversal symmetry implies that the equations of motion are unchanged under the transform t→−t and is equivalent to m m  -in the wavenumber-frequency domain. A regular hexagonal lattice has six-fold rotational symmetry and thus its FBZ has á = 6 2 12-fold symmetry. In our pre-strained lattices, the deformed lattice has two-fold rotational symmetry and the FBZ has four-fold symmetry. Under arbitrary deformations of the lattice, rotational symmetry can be lost and the FBZ has two-fold symmetry. We remark here that modulating stiffness of the springs [25] is a way to break time reversal symmetry as well. the lattice.
For the pre-strained lattice considered in our work, the FBZ has a hexagonal shape, illustrated in figure 3(b) . The quadrilateral OABC shows the irreducible Brillouin zone (IBZ), spanning a quarter of the hexagon, consistent with the four-fold symmetry of the FBZ. As the lattice deforms under uniaxial strain, the lattice vectors change and the Brillouin zone shape evolves from a hexagon to a quadrilateral, and finally again to a hexagonal shape. Figure 3 (c) displays the shape of the FBZ when the lattice is in the re-entrant configuration.
Linear wave propagation in infinite lattices
We study linear wave propagation in lattices which have been pre-loaded by applying uniform uniaxial tension or compression along the y-direction. The level of pre-load is quantified using the strain β and we hereafter refer to preloaded lattices as pre-strained lattices. The analysis is conducted on a unit cell using the theory presented in section 2.4. The dispersion curves and surfaces are presented for different values of the non-dimensional angular stiffness η under a range of strain values. In addition, group velocities illustrate the change in directional nature of wave propagation as a result of the pre-load.
Dispersion analysis
The dispersion analysis is first conducted on a lattice with angular stiffness h =´-6 10 3 under three pre-strain levels. Figure 4 displays the dispersion curves along with the corresponding deformed lattice configurations. The lattices are shown on the left, with the red (light) and black (dark) lines showing the undeformed and deformed configurations, respectively. The deformed configuration is evaluated by applying the strain on a single unit cell, however, a collection of unit cells is displayed in figure 4 for easier visualization. We analyze the dispersion curves in the IBZ as the pre-strain value decreases from b = 0.33, which corresponds to tensile strain to a compressive strain b = -0.1. Figure 4 eigenvalues of the stiffness matrix for each wave-vector. The lowest branch corresponds to a shear (S) mode of wave propagation, while the second and the highest branch have longitudinal (P) mode. For each mode, the displacement of the two masses in the unit cell is given by the components of the associated eigenvector. For the S-mode the displacement of each mass is orthogonal to the wave-vector m, while for the longitudinal P-mode, the displacement of each mass is in the direction of the wave-vector k. The value of frequency for a given wave-vector is related to the phase speed of the wave. Thus, it is noted from figure 4(b) that the first P-mode has a higher phase velocity than the first S-mode for all the non- zero wave-vectors. At this value of strain β, the Brillouin zone has Dirac points at B, C. The band surfaces touch at these distinct points and the dispersion relation is linear in the vicinity of these points. The lattice exhibits interesting dynamic properties when excited near this frequency [26] . Furthermore, we note that a regular hexagonal lattice
) under zero pre-strain also has Dirac points at B and C. Our pre-strained lattice with b = 0.33 does not correspond to a regular hexagonal lattice and the difference between the two lattices is a consequence of pre-strain. Indeed, an unstrained lattice having an identical geometry as the deformed lattice would have different dynamic properties. Figure 4 (d) illustrates the dispersion curves in the IBZ under zero pre-strain (b = 0). As the strain increases, the lowest branch shifts downward, thus the shear mode speed decreases in the x-direction. Furthermore, the Dirac cones are absent and the first P-mode shifts downward in the OA segment, while it shifts upward in the OC segment, indicating the increase in anisotropy in the lattice. . Since the wavevectors close to the origin go to zero, the wavelength of the bifurcation mode is infinity [4, 5] . The bifurcation mode and deformed lattice corresponding to the zero eigenvalue is discussed later in section 3.3 With increasing strain, the lower shear branch entirely goes to zero in the dispersion curve, however, the lattice takes an alternate path at the onset of instability and the linearized analysis of the unit cell shows that the shear mode has zero stiffness and zero wave velocity.
The dispersion curves in the IBZ provide qualitative information on the behavior of the lattice. To get further information on the wave propagation characteristics with varying pre-strain, we examine the dispersion surfaces associated with a particular mode. The first P-mode is chosen to demonstrate the unique dynamics of the lattices. Figure 5 shows the dispersion contours for the same three strain levels considered in figure 4 . The group velocity, which is the gradient of frequency with respect to the wave-vector m ( ) are the components of the reciprocal lattice vectors in the Cartesian coordinate system. Figure 5 (a) illustrates the dispersion contours for the lattice at a strain b = 0.33. The constant frequency contours are circular, which indicates that the wave propagation for this corresponding mode is isotropic. Figure 5(b) illustrates the dispersion contours for the undeformed lattice (b = 0). In contrast to the earlier case, the behavior is anisotropic, with most of the wave propagation along the x-direction. Furthermore, the contours associated with high frequencies are parallel to the y-axis. This feature indicates the existence of directional wave motion at these frequencies. Figure 5 (c) displays the dispersion contours at a strain level b = -0.1. The directionality effect is more pronounced here and the contours are parallel to the y-axis for a broader range of frequencies.
The next example we consider is a lattice with higher non-dimensional angular stiffness h =´-4 10 2 . As mentioned in section 2.3, the potential energy is convex as the lattice transforms from the hexagonal to re-entrant configuration under uniaxial compressive strain and there is no bifurcation at low strains β. Figure 6 (b) displays the dispersion curves of the IBZ when the unit cell is under a pre-strain b = -0.1. In contrast with the h =´-6 10 3 lattice, no branch or segment of the shear mode goes to zero as there is no bifurcation at low strain b = -0.1, which is expected. Figure 6 (d) displays the dispersion curves for two high values of strain when the lattice is in the re-entrant configuration. The black (solid) lines are for pre-strain b = -0.48 and the red (dashed) lines are for b = -0.5. In the re-entrant configuration, the lower branch becomes nonzero and it corresponds to the second bifurcation mode, mentioned in section 2.3. The structure of the dispersion curves is observed to change significantly as the lattice deforms from the hexagonal to the re-entrant configuration, for both the P and S wave modes.
To investigate the directional nature of wave propagation, we now examine the contours of the dispersion surface corresponding to the first P-mode at the same two pre-strain levels. Figure 7(a) illustrates the contours for the strain level b = -0.1, showing directional wave propagation. It is also in contrast with the contours of h =´-6 10 3 lattice in figure 5(a) , where directionality was observed for most frequencies. Accordingly, the wave front is expected to be elliptical at low frequencies while for high frequencies, the contours are parallel. These parallel contours indicate propagation only along the x-direction, resulting in directional bandgaps for these frequencies. Figure 7 (b) displays the contours for the strain level b = -0.48, showing a strong directional propagation. Note that the distance between the adjacent contours is indicative of the group velocity magnitude and thus the energy propagation along that direction. For low frequencies, the energy propagation is predominantly along the y-direction, while for high frequencies, there is a directional bandgap in the y-direction. Thus the wave propagation is focused along the x-direction at these high frequencies. Thus, it is noted that for both low and high angular stiffness η, the shapes of the dispersion curves change significantly with the level of pre-strain β, thereby indicating the potential of these lattices for tunable wave propagation.
Directional propagation under pre-loading
To further elucidate the tunable nature of wave propagation in our lattices, we study the group velocities of the lattice at a specific frequency. The group velocity is defined as
The same two lattices as that studied in section 3.1 with angular stiffness h =´-6 10 3 and´-4 10 2 are considered here. The variation of group velocity with direction is considered for the frequency w = 0.4. The group velocity is evaluated by first determining the contour of this frequency ω on the dispersion surface. The gradient of this contour gives the components of the group velocity and it is obtained by numerical differentiation. The focus is again on the first longitudinal wave mode. Figure 8 (a) illustrates the group velocities for the h =´-6 10 3 lattice at three strain levels b = 0.2, 0 and −0.1. The x and y-axis represent the x and y-components of the group velocity vector. The magnitude of the curve along any direction is representative of the energy of the wave in that direction when the lattice is subjected to a point excitation at an interior point. Under no pre-load, the lattice is anisotropic, with a larger group velocity in the x-direction. As the lattice is subjected to tensile load, the lattice geometry changes, approaching the regular hexagonal configuration. The group velocity variation is still elliptical in the xy-plane, however with a lower eccentricity. Thus the anisotropy is less compared to the unstrained b = 0 case. In contrast, when the lattice is subjected to a compressive strain, the anisotropy becomes stronger. When the strain is increased beyond the onset of bifurcation, a directional bandgap opens up along the y-direction and wave propagation is predominant along the x-direction. To understand this behavior, note that the instability results in zero stiffness along the y-direction. Thus there is no wave propagation along this direction leading to a bandgap. The stiffness in the direction is zero for the entire range of strains where the unit cell behavior is not rank-one convex. As mentioned earlier, this bifurcation mode due to long wavelength instability results in global patterns in the lattice. Thus by introducing a pre-strain b = -0.1, significant tunability of wave propagation can be attained due to zero stiffness arising out of loss of long wavelength microscopic stability. Figure 8 (b) illustrates the group velocities for the lattice with angular stiffness h =´-4 10 2 at strain levels Under no strain, the lattice behavior is anisotropic due to the geometry of our lattice. As the tensile strain increases, the lattice configuration changes and the group velocity becomes uniform with direction. Under compressive strain, there is a strong directionality in the group velocity curve. The group velocity is high in the x and y-directions and there are no directional bandgaps. This behavior is in contrast with the response observed in figure 8(a) for the h =´-6 10 3 lattice. Note that the lattice with h =´-4 10 2 does not undergo any bifurcation in the transition from hexagonal to re-entrant configuration and the strain energy is rank-one convex. Figure 9 displays the group velocities of the first shear mode for two pre-strain levels at frequency w = 0.4. At low strain b = -0.1, caustics or closed loops occur along the x=y and = -x y lines, along which wave propagation is focused. At the high strain (b = -0.48), just before the onset of second bifurcation mode, when a part of the shear branch goes to zero, the behavior is directional. Note that the contour is comprised of two curves and there is a narrow bandgap along the y-direction. Our numerical simulations in section 4 will illustrate these features through numerical simulations of wave propagation in finite lattices.
Post-bifurcation lattice configuration
To gain further insight into the post-bifurcation lattice behavior, we finally present the deformed lattice shapes after the onset of zero energy branches in the dispersion curves in figure 10 . These shapes are obtained by solving the quasistatic problem of a large RVE, composed of N×N unit cells with uniaxial strain imposed. As noted earlier in section 3, the bifurcation mode have zero wavenumber, and thus infinite wavelength. Figure 10 (a) displays the lattice with angular stiffness h =´-6 10 3 at a strain level b = -0.15, obtained using 7×7 unit cells. Periodic boundary conditions are imposed on the boundary nodes and the patterns obtained here correspond to the first bifurcation mode. Note that the wavelength of the patterns spans 4 unit cells. In our numerical tests, as the RVE size is increased further, the wavelength of these patterns also increases, thus indicating that the lowest energy bifurcation mode has infinite wavelength. Figure 10 (b) displays the deformed lattice configuration for a lattice with h =´-2 10 2 at a strain b = -0.5. The deformed lattice is computed using a RVE of 2×2 unit cells. Note that in contrast to the earlier bifurcation mode, the wavelength of the pattern is 2 unit cells. As mentioned earlier in section 2.3, the second mode arises as the lattice is unstable to shear perturbations. Indeed, the deformed lattice configuration in figure 10(b) locally resembles a shear deformation as the nodes have moved laterally. This mode happens at high strain when the lattice is in re-entrant configuration and it is similar to the bifurcation mode observed in hexagonal beam lattices [3] .
Numerical simulations on finite lattice
Having analyzed the effect of external pre-load on wave propagation in infinite lattices using a unit cell, we now demonstrate the behavior of finite lattices subjected to external dynamic loading. A lattice having a rectangular domain with dimensions 60×30 unit cells is used for all our numerical simulations. The simulations are conducted on various pre-strained lattices, with various levels of uniaxial strain applied in the y-direction. The pre-strained lattice is obtained by prescribing an affine displacement field on the boundary corresponding to uniaxial strain β. The coordinates of boundary lattice nodes x y , (5)) quasi-statically using a Newton-Raphson procedure. Figure 11 displays the schematic of the problem setup for our dynamics studies. The boundary nodes on the bottom surface are fixed, while rollers are placed on the sides (side boundary nodes can only move vertically). A constant force f e is applied on the top surface to maintain the body in equilibrium in the deformed configuration. A Hanning windowed harmonic force of frequency w = 0.4 and 40 cycles is applied at the center node of the top surface ( wt f( ) in figure 11 ), in addition to the constant force. The force amplitude, normalized by w m 0 2 is´-2 10 2 and is sufficiently small so that the effects of nonlinearity are negligible. However, note that the full nonlinear equations are solved to simulate the dynamic behavior of the lattice. A fourth order Runge-Kutta scheme with time step 10 −3 is used for time-marching. Two examples are presented to illustrate the rich dynamics of our pre-strained lattices. The first example demonstrates the variation in wave propagation response from isotropic to directional waves confined to the boundary. We show that localized failure can occur after long times in lattices beyond the bifurcation point. The second example illustrates directional wave propagation, with change in direction for the hexagonal and re-entrant lattices. In both examples, the simulation results are consistent with the trends observed in section 3.
Strain induced isotropic-to-boundary wave transition
The lattice with non-dimensional torsional stiffness h =´-6 10 3 is subjected to different levels of pre-strain and its response under dynamic loading is studied. Figure 12 displays the contours of displacement magnitude at time p = t 20 for lattices subjected to three pre-strain levels. Figure 12 (a) displays the displacement contours for a prestrain level b = 0.2. The response of the leading wave is observed to be close to isotropic. Indeed, this behavior is consistent with the group velocity variation demonstrated in figure 8(a) and with the dispersion contours in figure 5 . Figure 12 (b) displays the displacement contours for a lattice in undeformed configuration (b = 0). The wavefront, corresponding to the P-wave is observed to be elliptical, which is again consistent both with the group velocity variation in figure 8 (a) and with dispersion contours in figure 5(b) . Figure 12 (c) displays the displacement contours of the b = -0.1 lattice. The wave propagation is confined to the boundary, along the x directions. This behavior is also consistent with the dispersion surfaces observed in figure 5(c) and group velocity variation in figure 8(a) . Thus the wave propagation in the lattice can be altered over a wide range from isotropic to only propagation along the boundaries by varying the amount of pre-strain. We now discuss some nonlinear effects observed when the lattice operates in the post-bifurcation regime. Figure 13 illustrates the contours of displacement in the deformed lattice at a later time p = t 100 . Localized deformation starts at the point of loading and the cells have attained a re-entrant configuration. Since the lattice is beyond the first bifurcation point, the quasi-static solution is a mixture of two low energy phases [23] . Indeed, the deformed lattice has patterns similar to that illustrated in figure 10(b) . The wavelength of the patterns is different and is a function of the boundary conditions. As discussed earlier, the shear mode has zero group velocity and thus zero stiffness along the y-direction. This zero stiffness arising out of bifurcation instability makes the structure prone to localized failure, as demonstrated in our example. We observe that dynamic loads result in localized transition to re-entrant configuration even for small loading amplitudes. Thus, care should be taken for lattices operating near the onset of bifurcation or post-bifurcation, so that they do not undergo localized failure.
Re-entrant lattice: strain induced wave-focusing
Our final example studies wave propagation in a lattice with high non-dimensional torsional stiffness h =´-4 10 2 under two levels of pre-strain. As discussed earlier, the strain energy is rank-one convex and there are no bifurcations as the lattice transforms from hexagonal to re-entrant configuration for this η value. The two levels of pre-strain are b = -0.1 in which the lattice has a hexagonal geometry configuration and b = -0.48 in which the lattice is in re-entrant configuration. Note that this large strain value is chosen just before the onset of second bifurcation mode in the lattice. Figure 14 (a) illustrates the contours of displacement magnitude at time p = t 20 on a lattice with pre-strain b = -0.1. The leading wave has an elliptical front and it corresponds to the first P-wave. Note from figure 6(b) that the leading wave is a P-wave as it has a higher velocity than the S-wave at the excitation frequency w = 0.4. Figure 14(b) displays the contours at a later time instant p = t 40 . The trailing S-wave has a strong directional nature and it is consistent with the group velocity observed in figure 9 , showing energy focused along the direction of the caustics. Note that the displacement amplitude of the trailing S-wave is much larger than the leading P-wave. Thus, though the P-mode is close to isotropic, the directionality of the S-mode results in most of the energy directed along the x=y and = -x y lines.
We now consider a pre-strain b = -0.48 applied on the lattice, so that it is in the re-entrant configuration. Figure 15(a) illustrates the corresponding contours at time p = t 20 . The wave propagation directional and has a front pointing to the x and y-directions. Indeed, this directional behavior is consistent with the group velocity trends discussed in figure 8 (b) and with the dispersion contours of the P-wave in Figure 15(b) displays the contours at a later time instant p = t 40 , showing a different behavior, with the waves focused on the y-direction and along the edges. Note that our external force is applied is along the y-direction. This forcing excites the S-modes along the±x-direction and P-mode along the y-direction. The shear waves propagating along the x-directions is consistent with the group velocity trends observed in figure 9 . Furthermore, the P-mode is also focused on the y-direction, again consistent with the group velocity variation presented in figure 8(b) . Note also the contrast in response compared to the lattice at pre-strain b = -0.1 in figure 14(b) . Thus the level of pre-strain and the initial deformed configuration has a significant effect on the direction of wave propagation in a lattice.
Conclusions
The paper presents the analysis of small amplitude linear wave propagation in hexagonal lattices under various pre-load conditions. The lattices, composed of linear axial and angular springs, undergo large deformations under the applied loads. The lattice is deformed by applying an uniaxial strain and this deformed lattice is subjected to dynamic loading. By introducing a pre-strain, the dynamic properties can be significantly altered.
In the first part, an analysis of the unit cell is presented to understand the effective behavior of infinite lattices. An analytical solution for the potential energy under uniaxial strain is presented, from which the consistent tangent stiffness matrix is derived. This matrix is used to conduct dispersion analysis on unit cell. The dispersion curves for two distinct angular stiffness show the variation in response from isotropic to highly directional wave propagation. Bifurcations occur in the lattice with low angular stiffness, due to loss of rank-one convexity in potential energy of unit cell, and it leads to directional bandgaps. Furthermore, group velocity behavior at a frequency of interest is presented to verify our observations.
In the last part, numerical simulations on a finite lattice, subjected to a point loading on its boundary are presented to verify our predictions using the unit cell. The low angular stiffness lattice behavior is studied under various pre-load conditions and is shown to vary from isotropic propagation into the interior to propagation of the wave only along the boundary. The high angular stiffness lattice behavior is also observed to vary from isotropic to highly directional. Indeed, all our numerical results are consistent with the dispersion analysis and group velocity diagrams, demonstrating the applicability of our unit cell analysis to study linear wave propagation in these deformed lattices. Our work also demonstrates the highly tunable nature of these lattices by varying the level of pre-load and it has applications for wave steering.
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Appendix. Stiffness matrix in deformed configuration
We present expressions for the derivative of the potential energy P with respect to the lattice coordinates = x y x , i i i ( ). The potential energy is sum of energies due to axial and angular springs in the lattice and the expressions are presented for a single spring of each type. Consider an axial spring connecting nodes i and j in figure 16 . The derivative of its length l ij with respect to the coordinates is obtained from geometry, by considering infinitesimal displacements along the x and y-directions. The second derivative of the energy of an axial spring P a is given by the expression
Note that all lengths are normalized by the undeformed length L of each edge. Taking the derivatives of various terms in equation (18) and simplifying the resulting expressions leads to the following explicit expressions in terms of nodal 
( )
Note that i and j are interchangeable in the above expressions, due to the symmetry of the energy with respect to i and jcoordinates. Thus the expressions for corresponding j terms are obtained by replacing i with j in the above expressions. We now derive the stiffness of an angular spring between the edges shared by the node i shown in figure 16 . The expressions for the first derivatives of the angle θ (in figure 16 ) with respect to the lattice coordinates = x y x , 
Finally, the stiffness of an angular spring is evaluated using the above expressions for derivatives of θ. Let q 0 be the angle when the angular spring is in undeformed configuration. Using the expressions for the first and second derivatives of angle θ, the derivative of the potential energy P t with respect to x p and y q , where p and q can take the indices i j k , , { }, is given by These expressions for the axial and angular springs are used to construct the full stiffness matrix of our hexagonal lattice.
